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Abstract 

We show that the stochastic flow generated by the 2-dimensional Stochastic 
Navier-Stokes equations with rough noise on a Poincare-hkc domain has a unique 
random attractor. One of the technical problems associated with the rough noise 
is overcomed by the use of the corresponding Cameron-Martin (or reproducing 
kernel Hilbert) space. Our results complement the result by Brzezniak and Li 
[10] who showed that the corresponding flow is asymptotically compact and also 
generalize Caraballo et al. [12] who proved existence of a unique attractor for 
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1. Introduction 



The analysis of infinite dimensional Random Dynamical Systems (RDS) is 
now an important braneh in the study of qualitative properties of stoehastie 
PDEs. From the first papers of Brzezniak et al. [7], and Crauel and Flandoli [17], 
the use of the notions of random and attraetors have been used in many papers 
to give crucial information on the asymptotic behaviour of random (Brzezniak 
et al. [7]), stochastic (Arnold [2], Crauel and Flandoli [17], Crauel [19]) and non- 
autonomous PDEs (Schmalfuss [35], Kloeden and Schmalfuss [27], Caraballo et 
al. [12]). Given a probability space, a random attractor is a compact random 
set, invariant for the associated RDS and attracting every bounded random set 
in its basis of attraction (see Definition 2.6). 

The main general result on random attraetors relies heavily on the existence 
of a random compact attracting set, see Crauel et al. [20]. But this condition 
was only shown to be true when the embedding V ^ H is compact, i.e. when 
our stochastic PDF is set in a bounded domain. In the deterministic case, this 
difficulty was solved by different methods, see Abergel [1], Ghidaglia [24] or Rosa 
[34] for the autonomous case and Lukaszewicz and Sadowski [33] or Caraballo 
et al. [12] for the non-autonomous one. Recently, these methods have been also 
generalized to a stochastic framework, see Brzezniak and Li [8], [9], [10], Bates 
et al. [3], [4], Wang [38]. In particular, in Brzezniak and Li [10], a deep work 
is provided for the existence of a stochastic flow and its asymptotic behaviour 
related to a 2D stochastic Navier-Stokes equations in an unbounded domain 
with a very general irregular additive white noise. Moreover, in [10] sufficient 
conditions for the existence of a unique random global attractor are proposed. 
This is the main subject that we will develop in this work. 

Indeed, we study the asymptotic behaviour of solutions to the following 
problem. Let O C be an open set. not necessarily bounded, with sufficiently 
regular boundary dO, and suppose that O satisfies the Poincare inequality, i.e., 
there exists a constant C > such that 



and consider the Navier-Stokes equations (NSE) in O with homogeneous Dirich- 
let boundary conditions: 



divu = in (0, -hcxo) x O, 
u = on (G,+cx)) X do, 
u{0) = uo, 

where ^ > is the kinematic viscosity, u is the velocity field of the fiuid, p the 
pressure, uq the initial velocity field, and / a given external force field. Here 




lyAu + {u ■ V)u + Vp = f + 



dW{t) 
dt 



in (0,+oo) X O, 
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W{t),t S M, is a two-sided cylindrical Wiener process in H with its Reproducing 
Kernel Hilbert Space (RKHS) K satisfying Assumption A.l below, defined on 
some probability space (fi, J", P). Note that following [10] we allow our driv- 
ing noise to be much rougher than in previous works in the literature, see for 
instance Crauel and Flandoli [17] or Kloeden and Langa [28], for which it is pos- 
sible to prove that there exists a random dynamical system associated to our 
model. Indeed, the rougher the noise the closer the model is to reality. Landau 
and Lifshitz in their fundamental 1959 work [30, Chapter 17] proposed to study 
NSEs under additional stochastic small fluctuations. Consequently the authors 
consider the classical balance laws for mass, energy and momentum forced by a 
random noise, to describe the fluctuations, in particular local stresses and tem- 
perature, which are not related to the gradient of the corresponding quantities. 
In [31, Chapter 12] the same authors then derive correlations for the random 
forcing by following the general theory of fluctuations. One of the requirements 
on the noise they impose is that the noise is either spatially uncorrelated or 
correlated as little as possible. It is known that spatially uncorrelated noise cor- 
responds to the Wiener process with RKHS and if the RKHS of the Wiener 
process is the Sobolev space i/"'^, then the smaller the s the less correlated 
noise is. In other words, the less regular spatially is the less correlated it is. 
Note that our Wiener process includes a finite dimensional Brownian Motion as 
a special case. 

On the other hand, Caraballo et al. [12] introduced a concept of a asymp- 
totically compact cocycle, which was successfully used to prove the existence 
of attractors for a 2D non-autonomous Navier-Stokes equations, and later has 
been also used to prove existence of random attractors for stochastic lattice 
dynamical systems in Bates et al. [3] , stochastic reaction-diffusion equations in 
Bates et al. [4] and a stochastic Benjamin-Bona-Mahony equation in Wang [38], 
all of them related to unbounded domains. In this paper, we will use the same 
concept, which generalizes the one in [10], to prove the existence and the unique- 
ness of global random attractors for our stochastic 2D Navier-Stokes equations 
with irregular noise in Poincare unbounded domains. In this sense, our main 
result implies that the stochastic flow associated to our model is asymptoti- 
cally compact (see Proposition 3.1). It is remarkable that we also prove the 
measurability of our random attractor, which is usually missed in the literature. 

Notation 1.1. By N, Z, Z^, R and IR+ we will denote respectively the sets of 
natural numbers ( which includes the zero ), of integers, of non-positive integers, 
of real numbers and of all non-negative real numbers. By B{X), where X is a 
topological space, we will denote the a-field of all Borel subsets of X . 
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2. Stochastic 2ID-Navier-Stokes equations with additive noise in un- 
bounded domains 



2.1. Statement of the problem 

Let O C be an open set, not necessarily a bounded one. We denote by 
do the boundary of O. We will always assume that the closure O of the set O 
is manifold with boundary of C°° class, whose boundary is equal to dO, i.e. we 
will assume that O satisfies the condition (7.10) from [32, chapter I]: 



(7.10) 



do is a 1-dimcnsional infinitely differcntiablc manifold, O being 
locally on one side of O. 



We will also assume that O is a Poincare domain, i.e. that there exists a constant 
Ai > such that the following Poincare inequality is satisfied 

Ai / (p^dx< I \Vip\^dx for aU ^ G ffo^O). (2.1) 
Jo Jo 

In order to formulate our problem in an abstract framework let us recall the 
definitions of the following usual functional spaces. 

h^{0) = 1^(0,^^), 

(0) = H'''^{0,R^), k e N, 

V = {u e Co°°(0,M2); divu = 0} , 
H = the closure of V in h^iO), 

HJ(C') = theclosureof C^(0,M2) inHi(C'), 

V = the closure of V in M\0). 

We endow the set H with the inner product (•, •) and the norm |-| induced by 
L2(0). Thus, we have 



j=iJo 



Since the set O is a Poincare domain, the norms on V induced by lf{0) and 
M.q{0) are equivalent. The latter norm and the associated inner product will 
be denoted by ||-|| and ((•,•)), respectively. They satisfy the following equality 

Since the space V is densely and continuously embedded into H, by identifying 
H with its dual H', we have the following embeddings 

V C H = H' C v. (2.2) 
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Let us observe here that, in particular, the spaces V, H and V form a Gelfand 
triple. 

We will denote by | • jy and (•,•) the norm in V' and the duality pairing 
between V and V, respectively. 

The presentation of the Stokes operator is standard and we follow here the 
one given in [10] . We begin with defining a bilinear form a : V x V — ^ K by 

a(u,t;) := (Vu, Vw), u,v eV. (2.3) 

Since obviously the form a coincides with the ((•, •)) scalar product in V, it is 
V-continuous, i.e. it satisfies |a(M,u)| < C||u|p for some C > and all u eV. 
Hence, by the Riesz Lemma, there exists a unique linear operator ^ : V — > V', 
such that a{u,v) = {Au,v), for u,v gV. Moreover, since the O is a Poincare 
domain, the form a is V-cocrcivc, i.e. it satisfies a{u, u) > q;||m|P for some a > 
and all u S V. Therefore, in view of the Lax-Milgram theorem, see for instance 
Temam [37, Theorem IL2.1], the operator ^ : V ^> V is an isomorphism. 
Next we define an unbounded linear operator A in H as follows. 

D{A) -.^{ueY -.AueR} , . 

Au := Au, u e D{A). ^ > 

It is now well established that under some assumptions^ related to the reg- 
ularity of the domain O, the space D{A) can be characterized in terms of the 
Sobolev spaces. For example, see [25], where only the 2-dimensional case is 
studied but the result is also valid in the 3-dimensional case, if O C is a uni- 
form C^-class Poincare domain, then with P : L^(C') — > H being the orthogonal 
projection, we have 

D{A) :=VnH2(0), 

Au := -PAu, u e D{A). ^ ' 

It is also a classical result, sec e.g. Cattabriga [15] or Temam [37], p. 56, that 
A is a non- negative self adjoint operator in H. Moreover, see p. 57 in [37], V = 
£)(A^/^). Let us recall a result of Fujiwara-Morimoto [23] that the projection 
P extends to a bounded linear projection in the space U^^D), 1 < q < oo. 
Consider the trilinear form h o\iV xV xV given by 

b(u,v,w) — / Ui—^Wjdx, u,v,w^V. 

Indeed, 6 is a continuous bilinear form and, sec for instance [36], Lemma 1.3, 
p. 163 and Temam [37], 



6(w,u,u) = 0, foru e V,i) G Ho^(O), 

h{u, V, w) = —b{u, w, v), for it G V, v, w G Hq'^(C'), 



(2.6) 



^ These assumptions arc satisfied in our case 
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\b{u,v,w)\ <C ■ 



|u|i/2|Vti|i/2|Vw|i/2|A„|i/2|^|^ liG V,t; gD(A),u; gH, 
Hi/2|Aup/2|Vz;||u;|, u <= D{A),v e V,w S H, 
|w||Vu||w|i/2|Au;|i/^ u ell,v eV,w e D{A), 

|w|l/2|Vli|l/2|Vw||w|l/2|Vw|l/2, U,V,WGV 



(2.7) 



for some C > 0. Define next a bilinear map B : V x V V' hy 

{B{u,v),w) ~ b{u,v,w), UjWjWeV, 
and a liomogenous polynomial of second degree B : V V' hy 

B{u) = B{u,u), ueV. 
Let us also recall [10, Lemma 4.2]. 

Lemma 2.1. The trilinear map fe:VxVxV— >]R /las a unique extension to a 
bounded trilinear map from L''(0) x (L'*(0)nH) x V and from {O) xY xl.-^ {O) 
to M. Moreover, B maps L^(C') H H (and soY) into V' and 

||B(w)||v' < Ci|u|^4(o) < 2^/^Ci|u||Vm| < C2|u|^, u e V. (2.8) 

Proof. It it enough to observe that from the Holder inequality we have the 
following inequality 

|6(u,w,u))| < C|u|L4(c))|Vw|L2(c))|ti;|L^(c>), u, v, w e hJ'^(C'). (2.9) 

□ 



2.2. Attractors for random dynamical systems 

Definition 2.2. A triple 1 = {^l,J-,'d) is called a measurable dynamical 
system (DS) iff (O, !F) is a measurable space and : M x SI 3 (i, a;) G O 

is a measurable map such that "d^ =identity, and for all s G "dt+s = i^t o t^s • 
A quadruple T = (fi, J^, P, i?) is called metric DS iff (Sl,7^, P) is a probability 
space and T' := (fi, J^, i?) is a measurable DS such that for each t G M, the map 
•dt ■ ^ ^ ^ is V-preserving. 

Definition 2.3. Suppose that X is a Polish space, i.e. a metrizable complete 
separable topological space, B is its Borel a— field and 11 is a metric DS. A map 
(fi : R-|_ X SI X X 9 {t,Lj,x) t— !> ip{t,uj,x) G X is called a measurable random 
dynamical system (RDS) (onH. overl), iff 

(i) LP is {B{R+)^J^<^B,B) -measurable; 
(ii) if is a -d-cocycle, i.e. 

ip{t + s,uj,x) — Lp(^t, iSgi^, v{s,ijJ, x)Y 

The map tp is said to be continuous iff, for all (t, lo) G M+ x S7, ip{t, w, •) : X — >■ 
X is continuous. Similarly, tp is said to be time continuous iff, for all uj ^ 
and X G X, the map ip(-, uj, x) : R+ — > X is continuous. 
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The notion of a random set is presented following [7], see also Crauel [19] 
and Definition 2.3 in [10]. For two non-empty sets A,BcX, where (X, d) is a 
Polish space, we put 

d{A,B) ^ snpd{x,B) and p{A, B) ^ ma.x{d{A, B) , d{B , A)} . 

The latter is called the Hausdorff distance. It is known that p restricted to the 
family £*8(X) (the family of all non-empty closed and bounded subsets of X) is 
a distance, see Castaing and Valadier [14]. From now on, let X be the cr— field 
on £03 generated by open sets with respect to the Hausdorff metric p, e.g. [7], 
[14] or Crauel [19]. 

Definition 2.4. Let us assume that (Cl,J-) is a measurable space and (X,d) is 
a Polish space. A set valued map C : $7 — > £*B(X) is said to be measurable 
iff C is (T, X) -measurable. Such a map C will often be called a closed and 
bounded random set on X . A closed and bounded random set C on X will 
be called a compact random set on X iff for each w G fi, C(w) is a compact 
subset of X . 

Remark 2.5. Let f : X ^ IR+ be a continuous function on the Polish space X, 
and R : Vl ^ IR+ an J^-measurable random variable. If the set C/_fl(w) := {x : 
f{x) < R{io)} is non-empty for each cj e il, then C/__r is a closed and bounded 
random set (see [16] Proposition 1.3.6). 

Wc denote by J-^ the cr-algebra of universally measurable sets associated to 
the measurable space (fi, J^), sec Crauel's monograph [19] for the definition and 
basic properties. 

To our best knowledge, the following definition appeared for the first time 
in the fundamental work by Fladoli and Schmalfuss [22], see Definition 3.4. 

Definition 2.6. A random set A : ft £*B(X) is a random D-attractor iff 

(i) A is a compact random set, 

(ii) A is ip-invariant, i.e., P-a.s. 

^{t,L0)A{u) ^ A{dtL0) 

(Hi) A is 1)- attracting, in the sense that, for all D £ T) it holds 
lim diip(t,^-tUj)D{i}.tUj),A{Lu)) = 0. 

Definition 2.7. We say that a RDS d-cocycle tp on X is '£} -asymptotically 
compact iff for each D "D, for every lu £ fl, for any positive sequence (t„) 
such that i„ — >■ cx) and for any sequence {xn} such that 

Xn e D{d^t^uj), for all n G N, 

the following set is pre-compact in X.- 

{<^(t„,??_t„a;,x„) : n e N}. 
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We now write the result on the existence of a random D-attractor, see 
[3, 4, 12, 38]. 

Theorem 2.8. Assume that 1 = (ri,J^, P, t?) is a metric DS, X is a Polish 
space, "3 is a nonempty class of closed and bounded random sets on X and 
is a continuous, T)- asymptotically compact RDS on X (over 1). Assume that 
there exists a D-absorhing closed and hounded random set B on X, i.e., given 
D there exists t{D)) such that (p{t,'&ti^)D{d^t^) C B{lo) for all t > t{D). 
Then, there exits an J- -measurable 1)-attractor A given by 

A{uj) = VLBiuj), ujen, (2.10) 

with 

T>0 t>T 

Remark 2.9. One should mention here that a related paper [28] is about 2D 
Navier-Stokes in bounded domains and and with much more regular noise and 
its results do not imply those from the current paper. On the other hand The- 
orem 4.6 from that paper is applicable to Stochastic NSEs in 2-D unbounded 
domains, instead of Theorem 2.8 provided one can prove that the correspond- 
ing system is asymptotically compact and has random bounded absorbing set. 
That's is what we do in our paper, with a small but important difference that 
our class of families of random sets with respect to which AC and absorption 
hold are different. Our Theorem 2.8 on the existence of attractor is general- 
ization (or modification, if one prefers) of the above Theorem 4.6 to the case 
considered in the present paper. 

Proof. The existence of A{uj) follows from Theorem 7 in [12]. We only need to 
prove the measurability claim. For this we will follow a slight modification of 
the proof of Proposition 1.6.2 in [16], sec also the proof of Lemma 2.3 in [7]. 
Observe that evidently, for every uj £ fl, 

where, by definition, 

7SM= [j^{t,^-tto,Bid_tCo)). 

t>n 

Let us fix a; G X. Since ^^{uj) C 7^+^(0;) C 7g+-^(w) C "fsi^)^ have that 
d(x,7S(^)) < d{x,j^+\cj)) < d{x,nB{io)), 
and therefore there exists the lim d(x,Yg{uj)), and 

lim d(x,'^Z(u!)) < d(x,flB{ij-')), Vw £ il. 
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Let us fix w G ri, and take 



Xn G 7ij(w) such that 



d{x,Xn) < d(x,jB{uj)) + 



1 



n eN. 



n 



Since is a £)-asymptotically compact RDS on X, there exists a subsequence 
nk = ni;{uj) and an element y = y{io) such that y. Evidently, y E 

Therefore, 

d(x,flBiuj)) < d{x,y) = lim d{x,XnJ < lim d(a;,7g(cj)). 

k^oc n->oo 

Thus, we get 

d(x,flB{i^)) = lim d(a;,7g(i:j)) Vcj G fl, 

and consequently, observing that by Proposition 1.5.1 in [16] the map w i— >■ 
d(a;, 7|^(w)) is J^"-measurable, we obtain that the map w d{x^ ris(i^)) is also 
J^^-measurable. □ 

Remark 2.10. If S contains every bounded and closed nonempty deterministic 
subsets of X, then as a consequence of this theorem, of Theorem 2.1 in [20], and 
of Corollary 5.8 in [18], we obtain that the random attractor A is given by 



where the union in (2.11) is made for all bounded and closed nonempty deter- 
ministic subsets C oi X. 

2.3. Stochastic Navier-Stokes equations with an additive noise 

The model we consider in this subsection is the same as the one studied in 
[10]. It was shown therein that the RDS generated by the stochastic NSEs below 
is asymptotically compact. We will strengthen that result by showing that 

(i) it is S-asymptotically compact and 

(ii) there exists a family B G 1) which is S-absorbing, 

for a family D of random closed and bounded sets to be defined below. Thus 
we will conclude that Theorem 2.8 is applicable. 

Our aim in this subsection is to study the following stochastic Navier-Stokes 
equations in O 



where we assume that x S H, / G V and W{t),t G R, is a two-sided cylin- 
drical Wiener process in H with its Reproducing Kernel Hilbert Space (RKHS) 
K satisfying Assumption A.l below (see Remark 6.1 in [10]) defined on some 
probability space (il,J-,P). The following is our standing assumption. 




(2.11) 



ccx 



{ 



du + {i^Au + B{u)}dt = fdt + dW{t), t>0 
u{0) = X, 



(2.12) 
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Assumption A.l. K C Rnh^iO) is a Hubert space such that for some S G 
(0,1/2), 

A-^ : K ^Rn L*(0) is j-radonifying. (2.13) 

Let us denote X = HnL''(0) and let E be the completion of X A~^{X) with 
respect to the image norm |a;|E = |^^'^ic|x, a; G X. It is weU known that E is a 
separable Banach space. For ^ G [0, 1/2) we set 

\u{t)-uj{s)\E 

ll"llcf,(K)= -P„|i_,|«(l + |t| + |,|)l/2- 

By Cf/2(]R, E) we will denote the set of all w e C(R, E) such that w(0) = and 
(E) ^ is easy to prove that the closure of {w G C^(M, E) : aj(0) = 

0} in Cf^2{M.), denoted by E), is a separable Banach space^. 
Finally, we set 

II II I'^(*)Ie 

ll-llc,.(M,E)=SUp^^^ 

and denote by Ci/2(IR, E) the space of all continuous functions a; : M — > E such 
that ||w||(7j^2(R,E) < oo. Then the space Ci/2(IR, E) endowed with the norm 
II ' llci/2(K,E) is a separable Banach space. 

By T we will denote the Borel cr-algebra on One can show by methods 

from [5], but see also [26] for a similar problem in the one dimensional case, that 
for ^ S (0, 1/2), there exists a Borel probability measure P on il(^) such that 
the canonical process w = (wt)tgH, defined by 

wt{uj) ■.= uj{t), uj t eR, (2.14) 

where it ■ ^{S,) 3 7*-^ j{t) G E, is the evaluation map at time is a two-sided 
Wiener process such that the Cameron-Martin, i.e. the Reproducing Kernel 
Hilbert, space of the Gaussian measure C{wi) on E is equal to K. 

For t G M, let J't := a{ws : s < t}. Since for each t G M the map z o ii : 
E* — > L^(il(^), J"t, P) satisfies E|z o i^p = AAk^ there exists a unique extension 
of z o Z( to a bounded linear map : K — i^(r2(^), J~t, P). Moreover, the 
family (Wt)tGR is a H-cylindrical Wiener process on a filtered probability space 
(f2(^), (S^OieRj^f) ill the sense of definition given in [11]. 

On the space Ci/2(R, X) we consider a flow d = (i^OtGR defined by 

'dtu{-)^uj{-+t)-u{t), cj e fi, t G K. 

With respect to this flow the spaces C^jr^i^) and ri(^, E) are invariant and we 
will often denote by "dt the restriction of dt to any one of these spaces. 

It is obvious that for each t G M, t?* preserves P. In order to define an 
Ornstein-Uhlenbeck process we need to recall some analytic preliminaries from 
[10]. 



^But for ^ G (0, 1) Cf y„(R) endowed with the norm 11 ■ is not separable. 
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Proposition 2.11. Assume that A is a generator of an analytic semigroup 
{e^*"^}t>o on a separable Banach space X, such that for some C > and 7 > 

ll^'+'e-*^ll£(x,x) < Ci-i-*e-^*, t>0. (2.15) 

For G ((5, ^) there exists a unique linear and bounded map z : C^i^{^,'¥^) — > 
Ci/2(M,X) such that for any Co E Cl^^{R,X) 

z{t) = z{Cj){t)^ I A^+^e-('-''^'^{Cj{t)-Cj{r))dr,teM.. (2.16) 

J —00 

In particular, there exists a constant C2 < cx) such that for any Cj G C^i^{M.,1C} 

\m{t)w<c2{i + w^mi teM. (2.17) 

Moreover, the above results are valid with the space Cf^^ (^i replaced by 

Proof. See Proposition 6.2 in [10]. The last part follows as 51(^,X) is a closed 
subset of Cf/2(R,X). □ 

The following results are respectively Corollary 6.4, Theorem 6.6 and Corol- 
lary 6.8 from [10]. 

Corollary 2.12. Under the assumptions of Proposition 2.11, for all —oo < a < 

b < oo and t CzR, the map 

Cf/2(M,X) 9 w (i(J))(t),z(c:;)) € X X L^{a,b]X) (2.18) 

is continuous. Moreover, the above result is valid with the space C^^^{M.,'K) 
being replaced by il(^,X). 

Theorem 2.13. Under the assumptions of Proposition 2.11, for any lo S 

^1/2 ('^' -^)' 

z{'ds(^j){t) ^ z{uj){t + s), t,.seM. (2.19) 
In particular, for any a; G and all t, s G M, z(t9saj)(0) = z(aj)(s). 
For C G Ci/2(M,X) we put 

(t,C) = C(t + s), i,sGR. 

Thus, is a a linear and bounded map from Ci/2(K, X) into itself. Moreover, 
the family (rs)sgR is a Co group on Ci/2(M, X). 

Using this notation Theorem 2.13 can be rewritten in the following way. 

Corollary 2.14. For sgMt^ o£ = zo dg, i.e. 

T,(z(w)) = z{d,{w)), LO G ,2(K,X). 
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Note that for any v > and a > 0, {vA + alY : E — !> X is a bounded linear 
map and so is the induced map f2(^, E) 9 w n- (i^A + alYuj e f2(^, X). 

For 6 as in the Assumption A. 1, a >{), v > e {6, 1/2) andw G Cf/2(K,E) 
(so that {vA + aI)-^u G Cf/2(R,X)), we put Za(cj) := ^((zyA + q/)-*w) G 
Ci/2(K,X). Hence, for any t > 0, 

•J —OO 

[{lyA + al)-^uj{t) - {lyA + al)-^uj{r)] dr (2.20) 
= / {vA + alY+^e-~^'~'-^^'''^+'''\{vA + aI)-^drUj){t-r)dr. 

J ~OG 

It follows from Theorem 2.13 that 

z„(z?,w)(t) =z„(cj)(t + s), oj eCf^^{R,X), t,s eR. (2.21) 

Let us make the following crucial observation, see Proposition 6.10 in [10]: 
the process Za is an AT-valued stationary and ergodic. Hence, by the Strong 
Law of Large Numbers, see [21] for a similar argument, 

1 f° 

lim - / \zJs)\lds ^E\zJO)\l, P - a.s. on C^,„(M, X). (2.22) 
t^oo t J_t 

Therefore, it follows from [10, Proposition 6.10] that we find ao such that 
for all a > ao, 

E|^a(O)|i<0, (2.23) 

where Ai is the constant appearing in the Poincare inequality (2.1) and C > 
is a certain universal constant. 

By ria('C,E) we denote the set of those w G ri(^,E) for which the equality 
(2.22) holds true. As mentioned above, the set ^a{£,, E) is P-conegligible. More- 
over, in view of Corollary 2.14 that the set ^la{^,E) is invariant with respect to 
the flow i.e. for ah a > and ah t G K, i?t E)) C f^a(^,E). Therefore, 

we fix 

and set 

oo 

n:=n{^,E)= fi a.(e,E). 

n=l 

For reasons that will become clear later we take as a model of a metric DS 
the quadruple E), P, where P and ■& are respectively the natural 

restrictions of J", P and i? to 51(f , E). 

Proposition 2.15. The quadruple (^Cl{^,E,),T,P,'dj is a metric DS. For each 
UJ G f2(^,E) the limit in (2.22) exists. 
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Let us now formulate an immediate and important consequence of the above 
result in which C > is the constant appearing in (2.23). 

Corollary 2.16. For each uj G r2(^,E) there exits to = to{uj) > 0, such that 

/ \z^{s)\lds<^,t>to, (2.24) 

Finally we define a map tp = : x x H H by 

{t,LO,x) ^ v{t,Za{uj)){x - z{uj){0)) +Za{uj){t) e H, (2.25) 
where v{t, vq), i > 0, is a solution to the following problem 
dv 

— ^ -~iyAv-B{v)-B{v,z)-B{z,v)-B{z)+az + f, (2.26) 

v{0) = vo. (2.27) 

Because of Theorem 4.5 from [10], which, for the completeness sake, we state 
below as Theorem 2.18, and because Zaiuj) G Ci/2(K, X), Za{uj){0) is a well 
defined element of H. Consequently, the map ipa is well defined. 

Definition 2.17. Suppose that z e if„^([0, oo); L4(0)) nif„^([0, oo); V), / £ V 
andvo e H. A function v e C([0, oo); H) nif„^([0, oo); V) nif„^([0, oo); L4(0)) 
is a solution to problem (2.26)-(2.27) iff v{0) — vq and (2.26) holds in the weak 
sense, i.e. for any Lp €Y 

j^{v{t),p) ^ -v{{v{t),p))~b{v{t) + z{t),p,v{t) + z{t)) + {az{t) + f,p), (2.28) 

in the distributions sense on (0,cxd). 

Theorem 2.18. Assume that a > 0, £ H, / 6 V' and 

z e LL([0, oo); L4(0)) n iL([0, oo); V). 

(i) Then there exists a unique solution v of problem (2.26)-(2.27). 
(li) If in addition, wq £ V, / g H and z £ C{R;V) n L^„^(M; D(A)), then 
i;£C([0,oo);V)nLL([0,«));D(A)). 

It was proved in [10, Proposition 6.16] that the map if^ does not depend on 
a and hence, from now on, it will be denoted by tp. Furthermore, we have the 
following result, see [10, Theorems 6.15 and 8.8]. 

Theorem 2.19. Suppose that O C is a Poincare domain and that Assump- 
tion A.l is satisfied. Then the map ip is an asymptotically compact RDS over 
the metric DS E), .F, P, i?) . 

Our previous results yield the existence and the uniqueness of solutions to 
problem (2.12) as well as its continuous dependence on the data (in particular 
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on the initial value uq and the force /). Moreover, if we define, for x G H, 
io £ fl, and t > s, 

u{t, s; oj, uq) := (p{t — s; dsUj)uo = v(t, s; uj, uq — z{s)) + z{t), (2.29) 

then for each s G M and each uq G H, the process u{t), t > s, is a solution to 
problem (2.12). 

Let us now recall Lemma 8.3 and Lemma 8.5 from [10] in which Ai is the 
constant appearing in the Poincare inequality (2.1) and 

H':=i^lkf - yl^^l', «6K (2.30) 

Lemma 2.20. Suppose that v is a solution to problem (2.26) on the time in- 
terval [a,oo) with z G Lf„^([a, oo), L4(0)) V\L\^J^[ a, oo),V') and a > 0. Denote 
(3 = and g{t) = az{t) — B(^z{t), z{t)) , t G [a, oo). Then, for any t>T>a 

|«(t)|' <|w(T)|2e-''^i(*-^)+^/.*l^(^)lL4'^- 

* . . ... . ... . r.„ , ...... (2-31) 



+ i / {|5(s)|2„ + |/|2}e->i(t-)+^/.'(l-(C)lS4)dCrfs. 



(2.32) 



|z;(i)|'=|«(T)|2e-'^^^(*-^)+2 j e~''^^^'-^\{B{v{s),z{s))Mt)) 
+ {g{s),v{s)) + {f,v{s))-[v{s)f)ds. 
Lemma 2.21. Under the above assumptions, for each u G r2(^,E), 

lim |z(c^)(i)|2e-^i*+/° ^kM(-)lS4 ds ^ ^ 

t^—oo 

Finally, let us recall a result containing in itself [10, Lemmas 8.6 and 8.7] 
Lemma 2.22. Under the above assumptions, for each uj G r2(^,E), 



[l + \z{u;){t)\l, + \ziuj){t)\t,]e''^'*+^* d« rfi 



< oo. 



Since the proof of Lemma 8.6 from [10] is miraculously missing from the final 
version of that paper, below we will present a detailed proof of Lemma 2.22. In 
fact, it is enough to consider the integral with the 4th moment of z as the cases 
of 1 and of the 2nd moment follow analogously. 

Proof. It is enough to consider the case of |2;(w)(t)|L4. Let us fix a; G fl. By 
Corollary 2.16 we can find tg > such that for t > to, 



/—to 3(7^ 
+ \zis)\l,)ds< 
-t V 
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By the continuity of all relevant functions, it is sufficient to prove that the 
integral |z(w)(0|^4e"^^*+^" ^l-(-)(«)l^4 ig finite. 

Because of inequality (2.17), we can find a constant p2 = P2{^), such that 

"^('^"^^ <p,,teR. 



Therefore, with P3{uj) := e-'^-'o'- "^-^1+ ,^ \^ir)\^^)dr ^ have, for every 

(jj € fl, 



= P3 



-to 



< Ptpse'^^o 



-to 



Isl e"'* ds < oo. 



□ 

Definition 2.23. A function r : 57 ^> (0, oo) belongs to the class d\ if and only 
if 

limsupr(79_tC^)2e-'^^^*+^-^-l^(")(^)lS^''^ = 0, (2.33) 

t— >oo 

where C > is the constant appearing in (2.23). 

We denote by the class of all closed and bounded random sets D on H such 
that the function radious f2 9 a; i— ;> r{D{uj)) := sup{|x|// : x £ B} belongs to the 
class d\. 

Observe that by Corollary 2.16, the constant functions belong to *H. The 
following result lists a couple of other important examples of functions belonging 
to class IH. 

Proposition 2.24. Define functions ri : 51 (0,oo) , i = 1,2,3 by the following 
formulae, for a; G 51, 



rfiu: 
rl{u 

rl{uj 

rl{uj 



sup |z(w)(s)|J^e''"^°"^~ J= 1"^'"^^' 

s<0 



|2(^)(s)|?,e''^^^+^/=''l^(")WI^^'"-ds 
|z(c.)(s)|^4e''^^^+^/^^(")Wl2-^'^ds 

-CX3 



— oo 
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Then all these functions belong to class *K. 

The class is closed with respect to sum, multiplication by a constant and if 
r £m, <f <r, then f eDl. 

Proof. Since by Theorem 2.13, z{'&^t^){s) — z{uj)(s — t), we have 
= sup \z{u;){s - i)pe''^i^+^ ^" \^i^)(.r-t)\l, dr 

s<0 

= sup |z(cj)(s — i)| e ^ ' " Js-ti y a ;il4 g i 

s<0 

= sup |zH(a)|2e''^i-+^/."'l-MWl24'''-e^^^* 



a<-t 



Hence, muhiplying the above by e'^^^'e^- ■1'-^ we get 

a<-t 

This, together with Lemma 2.21 concludes the proof in the case of function r2. 
In the case of ri , we have 

Thus, by Lemma 2.21 wc infer that ri also belongs to the class D\. The argument 
in the case of function r^ is similar but the completness sake we include it here. 
From the first part of the proof we infer that 



Since by Lemma 2.22 \z{uj)(cr)\^e''^"'+^ f° l^(")(0l^4 dr g^^j^^^ 
Lebesgue monotone Theorem we conclude that 



|z(u;)((T)pe''^^^+^ ^° l-(-) Wl?4 'f- da ^ as t 



oo. 



The proof in the other cases is analogous. The proof of the second part of the 
Proposition is trivial. This concludes the proof. □ 

Now wc arc ready to state and prove the main result of this paper. 

Theorem 2.25. Suppose that the domain O C K.^ is a Poincare domain and 

that the Assumption A. 1 is satisfied. Consider the metric DS^ = E), .F, P, i? 

from Proposition 2.15, and the RDS ip on H over 1 generated by the 2D stochas- 
tic Navier-Stokes equations with additive noise (2.12) satisfying Assumption Al. 
Then the following properties hold. 
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(i) there exists a Tt^l-ahsorbing set B G S)5H; 

(ii) the RDS Lp is D'^K- asymptotically compact; 

(Hi) the family A of sets defined by A{uj) = flsi'-^) for all lo £ D,, is the minimal 
Tid^-attractor for ip, is -measurable, and 

A{uj)= [j nduj) P-a.s., (2.34) 

CCH 

where the union in (2.34) is made for all bounded and closed nonempty deter- 
ministic subsets C of H . 

Proof. In view of Theorem 2.8 and Remark 2.10, it is enough to show points 
(i)-(ii). We prove now point (i). The proof of point (ii) wiU be done in the next 
section. 

Let £) be a random set from the class Let 7'_d(w) be the radius of D{uj), 
i.e. r£,(Lij) := sup{|x|^f : x S Diio)}, w G 

Let w G f2 be fixed. For given s < and x S H, let v be the solution of 
(2.26) on time interval [s, oo) with the initial condition v[s) = x—z{s). Applying 
(2.31) with i = 0, T = s < 0, we get 



\v{0)\^ < 2|xpe'^^i^+^^"I^WI'^ * + 2|z(s)|V^i^+^/"I^MIl* 

+ - All.9(i)ll^' + 11/11^, K^^'+^^'^I^WI^^'^'-cit. (2.35) 

^ S 

Set, for cj e ri, 

rn(c^)' = 2 + sup|2|^(s)|V^^^+^/°l^«lS^ 

s<0 

+ lj\\mrv' + ||/||^,}e"'^^'+'^^"l^M^*'''-di} , (2.36) 

r^Lj) = |z(0)(w)|h. (2.37) 

By Lemma 2.22 and Proposition 2.24 we infer that both rn and ri2 belong 
to D\ and also that ris := ru + ri2 belongs to 9^ as well. Therefore the random 
set B defined by B{oj) := {u G H : |m| < ri3(w)} belongs to the family 

We will show now that B absorbs D. Let a; G SI be fixed. Since rjj £ D\ 
there exists t_D(w) > 0, such that 

ro(7?We"''^^*+^-^-'"^"^^'^''^''' < 1, for t > toiuj). 

Thus, if a; e D{i9^tio) and s > ic(a;), then by (2.35), \v{0,uj;s,x - z{s))\ < 
rii(w). Thus we infer that 

|m(0, s;uj, x)\ < \v{0, s;lo,x - z{s)) \ + |z(0)(w)| < ri3(i:j). 

In other words, u(Q, s;uj,x) G B{uj), for all s > t]j{uj). This proves that B 
absorbs D. □ 
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3. Proof of the 2)SH-asymptotical compactness property of the RDS 
y> generated by stochastic NSEs 

We consider here the RDS over the metric DS (n{^,E),f,Fjy from 
Proposition 2.15 and the family D9\ defined in Definition 2.23. The main result 
in this section is the following result. 

Proposition 3.1. Assume that for each random set D belonging to S)*H, there 
exists a random set B belonging to 2)91 such that B absorbs D. Then, the RDS 
ip is 'S^- asymptotically compact. 

Let us recall that the RDS is independent of the auxiliary parameter a G N. 
For reasons that will become clear in the course of the proof we choose a such 
that E|zq(0)|l4 < where Za{t), t £ R is the Ornstein-Uhlenbeck process 

from section 2. C > is a certain universal constant. Such a choice is possible 
because of Proposition 2.15. Let us choose a G N such that the condition (2.23) 
is satisfied. 

For simplicity of notation we will denote the space E) simply by Q, and 
the process Za{t) , t <^ M.hy z{t) , t <^ K. 

Proof. Suppose that _D is a closed random set from the class 2)9^ and B G 
2)91 is a closed random set which absorbs D. We fix w e fi. Let us take 
an increasing sequence of positive numbers (tn)J^Li such that <„ — > oo and an 
H-valucd sequence (x„)„ such that a;„ S D{'d-t„^), for all n E N. 
Step I. Reduction. Since B absorbs D, ip{tn,i}-t„^, D{-d^t„^)) C B{uj) for 
n G N sufficiently large. Since B{uj) as a bounded set in H is weakly pre- 
compact in H, without loss of generality we may assume that 

^{tn,^-tM,D{d-t^Uj)) C B{uj) 

for all n G N and, for some yo G H, 

tp{t„, -S^t^Lo, Xn) yo weakly in H. (3.1) 
Our aim is to prove that for some subsequence 

(p{tn,,i9_t^,uj,x„,) yo strongly in H. (3.2) 
Since z(0) G H, then 

(p(tn, i?-t„w, Xn - z{0)) -> 2/0 - z{0) wcakly in H. (3.3) 

In particular, 

yo - 2(0)1 < liminf \ip{tn,-&-t„uj, Xn - z{0))\. (3.4) 

Arguing as in [10], we can show that in order to prove (3.2) it is enough to 
prove that for some subsequence {n'} C N 

|yo - -2(0)1 > limsup \ip{tn','d-t„,uj,Xn') - z{0)\. (3.5) 

7l' ^OO 
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step II. Construction of a negative trajectory, i.e. a sequence {yn)n=-oo such 
that Un S B{6nLo), n S Z~, and 

yk = ifiik - n, OnUJ, y„), n< fc < 0. 

Since B absorbs D, there exists a constant Ni{ijj) G N, such that 

{^^(-l + i„, i9i_t„t9_iw, a;„) : n > Ni{uj)] C 

Hence we can find a subsequence {n'} C N and G B{d^iLu) such that 

</9( — 1 + in', t^-t„,'^, a^n') yi weakly in H. (3-6) 

Let us observe that the cocycle property, with t = 1, s = t„' — 1, and lo being 
replaced by i?_t^,cj, reads as follows: 

Hence, by Lemma [10, Lemma 7.2], from (3.1) and (3.6) wc infer that 
(^(1, "d-iiu, yi) ~ yo- By induction, for each A: = 1, 2, . . ., we can construct a sub- 
sequence {n^*^)} C {n^'^^^)} and y-k G B{d-k^), such that (p(l, i?_fca;, y_fc) = 
y-k+i and 

iy9(— fc + t„(fc) , j^jix), a;„(fc) ) ^ weakly in H, as n^''^ — > oo. (3.7) 

As above, the cocycle property with t = k, s = t„(k) and w being replaced 
by '^-t„(fc)W, yields 

ip{t„(k) , i^-t^(fc) 1^) = vik, i9_fca;)<p(i„(k) - fc, t^-t^(fc) i^), fc G N. (3.8) 

Hence, from (3.7) by applying [10, Lemma 7.1], we get 

yo = w- lim ip{t„ik),-d_t (fc)W,x„(fc)) (3.9) 
= w- lim (^(fc,i?_fca;,(p(t„(fc) - fc, ??_t jj^jW,a;„(fc))) 
= ^(fc,z9_fcw, (w- lim ip{t^(k) - k,-d-t uj)x„(k))) = ip{k,-d^ki^,y-k), 

where w- lim denotes the limit in the weak topology on H. The same proof 
yields a more general property: 

ip{j,-d_k^,y^k) = y-k+], if < j < fc. 

Before we continue our proof, let us point out that, (3.9) means precisely 
that yo ~ u(0, ~k;uj,y^k), where u is defined by (2.29). 

Step III. Proof of (3.5). From now on, until explicitly stated, wc fix /c G N, 
and we will consider problem (2.12) on the time interval [— fc,0]. From (2.29) 
and (3.8), with i = and s = — fc, we have 

|(^(i„(*,),7?_t_^,,)W,x„(fc) ~ z{0))f (3.10) 
= \ip{k,'d_kUJ,(p{tn(k) - fc,i?_t^(^ja;,x„((,) -z(0)))I^ 
= |w(0,w; -~k,(p{t„(k) ~ fc,i9_t^^(^)a;,x„(fc)) - z(-fc))p. 
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Let V be the solution to (2.26) on [— fc, oo) with z = Za{-,u!) and the initial 
condition at time —k: v{—k) = Lp{tj^{k) — k^-d^t (k^'-^i^nw) ~ z{—k). In other 
words, 



v{s) = v(^s,-k;uj,ip{t,^(k) - k,-d_t^^k)^-,Xn(k)) - z{-k)j, 
From (2.32) with t = and r = — fc wc infer that 



s 



> -k. 



|(p(<„(fc),i9_t^(,,cj,a;„(fc)) - z(0)p (3.11) 
= e"''-^'''|(^(i„(fc) - fc,'!?_t^,^)W,x„(fc)) - z(-fc)p 

+ 2 f e"^^^^ {b{v{s),z{s)), v{s)) + (5(s), v{s)) + (/, i;(s)) - [v{s)f) ds. 

J-k 

To finish the proof it is enough to find a non-negative function h G L^(—oo, 0) 
such that 

limsup |i^(t„(fc),-(9_t^(^jW,a:„(fc)) - z(0)p < / /i(.s) ds + |yo - ^(0)p. (3.12) 

For, if wc define the diagonal process {mj)J^^ by = j'-'^ j G N, then 
for each fc G N, the sequence {'rnj)J^^. is a subsequence of the sequence (rS^^) 
and hence by (3.12), hmsup^ \ip{tm..-,'&-tr,^.^-,Xmj) — z(0)P < h{s)ds + 

1 2/0 ~ -2^(0)1^- Taking the — >■ cx) limit in the last inequality we infer that 
limsupj \Lp{tm.,-d_t^,uj,Xmj) — < \yo — z{0)\'^ which proves claim (3.5). 

Step IV. Proof of (3.12). We begin with estimating the first term on the RHS 
of (3.11). If -<„(fc) < ~k, then by (2.29) and (2.31) wc infer that 

|(^(i„(fc) - fc,'!9_t^,^,a;,2;„(fc)) - z(-fc)pe"'^^i'' 

= |u(-fc,-t„(fc);i9_few,x„(fc) - z(-t„(fc)))pe"'^^i'' 



n-fe 



+ 11/11^,] e-''^^(-^-«)+^/^"'"(l^(«)^^)^«ds} (3.13) 



3 3 

< 2/„(fc) + 2//„(fc) + -///„(/.) + -||/||v' ^nffc) I 

where 



yi„(fc) = \z[-t„[k))\ e "C"' 

J — CX3 
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First, we will find a non- negative function h G oo, 0) such that 



limsup |((3(i„(fc) — k^-d-t "^i 3:„(fc) ) — z(— fc)|^e '^'^^'^ 

.-k (3.14) 
< / h{s)ds, fc e N. 

J —CO 

For this we will need one more auxiliary result. 
Lemma 3.2. liinsup/„(fc) = 0. 

Proof. Let us recall that, a £ N, z{t) ~ Za{t), t G R, is the Ornstein-Uhlenbeck 
process from section 2, and E|z(0)|x = IE|zq,(0)|x < ^jjr- Let us also recall that 
the space ^{^, E) was constructed in such a way that 

1 r^'' 



\ |2:a(s)|xc?s = IE|z(0)|x < oo. 

nW^oo -k - (-t„(fc)) 

Therefore, since the embedding X ^ ^/^{O) is a contraction, we have for n^'^' 
sufficiently large, 

/ |z(s)|^,d.<_i(t„<., -fc). (3.15) 



Since the set D{lo) is bounded in H, there exists pi > such that |x„(fc) [ < pi 
for every n^''\ Hence, 

limsup |a;„(fc) | e 



(3.16) 



< limsuppfe -^K^-^^ = 0. 



□ 



Therefore, by (3.13), and lemmas 2.21, 2.22 and 3.2, the proof of (3.14) is 
concluded, and it only remains to finish the proof of inequality (3.12), which we 
are going to do right now. 

The end of the proof of inequality (3.12). 

Let us denote jjk = Vk — z{—k) and 

f"' '(s) = u(s, -fc; w, v?(t„(fc) - fc,z?_t^(j^,a;)a;„(fc) - z(-fc)), s e (-fc, 0), 
Vk{s) u(s, -fc;a;,y_fc - z(-fc)), s e (-fc,0). 

From property (3.7) and [10, Lemma 7.1] we infer that 

u"*" (•) -> Vk weakly in L^{-k, 0; V). (3.17) 



21 



Since e'^^ig(-), e^^i'/ £ L^{-k,0;Y'), we get 



lim r e''^'^g{s),v'''"\s))ds^ r e-'^'^g{s),Vk{s))ds, (3.18) 

and 

lim r e^^i^a (s)) - e^^^'^f, Vk{s)) ds. (3.19) 

On the other hand, using the same methods as those in the proof of Theorem 
2.18, there exists a subsequence of {v"^ }, which, for the sake of simphcity of 
notation, is denoted as the old one and which satisfies 

^ Vk strongly in L^-k, 0; LL(^)). (3-20) 

Next, since e'^^'^* z{t), t G R, is an L'^-vahied process. Thus by [10, CoroUary 
5.3], (3.17) and (3.20), we infer that 

hm / e''^i^6(u""'(s),z(s)),w"'"(s))ds 

(3-21) 

vXi s 



e''^'''b{vkis),z{s),Vkis))ds. 



k 



S 



Moreover, since the norms [•] and || • || are equivalent on V, and since for any 
e (-fc,0], e-"^^^ < e'^-^i" < 1, ij°,,e''^^'[-]^ dsy/^ is a norm in L^{-k, 0]Y) 



equivalent to the standard one. Hence, from (3.17) wc obtain, 



/o ^0 
e''^'''[wfe(s)]^ds < liminf / e^^^'iv'' (s)]'^ ds. 

In other words, 

limsupl- / K*"(s)]'rf4 < - / e''^i^[wfc(s)]'ds. (3.22) 

„(fc)^t>o'' J-k J-k 

From (3.11), eqrefeqn:c6 and (3.21), and inequality (3.22) we conclude that 



limsup |v9(i„(fc),i?_t^(^^)a;)x„(fc) - z(0) 

-fe 



< J Hs)ds + 2 J ^e''^'-'{{B{vkis),z{s)),Vkis)) 

+ {9{s),vkis)) + {f,vkis)) - [vkis)]^}ds. 



(3.23) 
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On the other hand, from (3.9) and (2.32), we have 
\yo-z{Q)? - |(^(fc,^?-fcc^)yfc-z(0)p = |i;(0,-fc;w,yfe-z(-fc))p 

= |yfc-z(-fc)|V^i^- + 2y^e'^^i''{(.g(s),«fe(s)) (3.24) 

+ (B(«fe(s), z(s)), Vk{s)) + (/, Vk{s)) - [vk{s)f } ds. 

Hence, by combining (3.23) with (3.24), we get 

hmsup |(^(i„(fc),??_t^jj^jw)x„(fc) - z(0)p 

< / \(s)ds+|yo-^(0)p-|yfc-z(-fc)pe-^i'= 

^ — OO 

<f h{s)ds+\yo-zm\ 
<y —oo 

which proves (3.12) and hence the proof of Proposition 3.1 is finished. □ 
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